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Recently, quantum information technology has appeared as a
new important research domain in various branches of science
due to its potential applications [1,2]. The objective is to use the
quantum features in physical laws to accomplish and develop the
different tasks of quantum information and computation. These
quantum processes provide new advantages and develop promis-
ing tasks which are not exist in the classical realm. Generation of
well-controlled quantum correlations is the main research of many
scientists working in the relatively new field of quantum technolo-
gies [1,3]. The most thoroughly studied quantum correlations is the
entanglement. A prototype system, the simplest composite system,
which can display quantum entanglement is the bipartite quantum
systems. One of the most interesting aspects is the entanglement
between light and matter [4–6]. The simple description of quan-
tum light-matter interaction, namely the interaction between a
qubit and harmonic oscillator, is given by Rabi model [7]. Indeed,
this simple model has been recently used to describe many phys-
ical phenomena, such as an electron coupled to a phonon mode
[8], an atom interacting with an electromagnetic field in a cavity
[9], a superconducting qubit interacting with a nanomechanical
resonator [10], a transmission line resonator [11] or an LC circuit[12], etc. Furthermore, the proposal for laser cooling of atoms in
dilute gases and atom trapping [13], the manipulation of all atomic
motional degrees of freedom based on the atom interaction with
external light fields have reached enormous success. Given the
recent advances in the manipulation of atoms we now observe a
fast evolution of the field both in terms of scientific knowledge
and technological applications, like in precision sensors, precise
metrology and clocks, lithography, single atom manipulation, trace
gas analysis and ultra cold chemistry [14].
Until present, the quantum concepts of nonlocal correlation
were related to entangled states. The separation between
classical and quantum correlations in composite systems has
attracted recently much attention in different branches of
physics [15–19]. It is shown that the shared the total correla-
tion in composite system can be presented by quantum mutual
information [20,21], but an important question is how to deter-
mine the amount of classical and quantum correlations from
the total correlation. In order to evaluate the degree of correla-
tions in bipartite states, it has been introduced a measure for
total quantum correlation so-called quantum discord (QD)
[22,23] where it is shown that almost all quantum states exhi-
bit a non zero QD [24]. These classical and quantum quantifiers
may be asymmetric depending on the measurement choice [25],
where the classical correlation is defined as the maximal
mutual information when we apply local measurements on
subsystems.
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in the references given above, is the interaction between the
atomic levels and field photons. The general structure of the
Hamiltonians which include such type of interactions belongs to
the family of couplings intrroduced by Marshalek and Klein in
Ref. [26]. These forms are amenable to boson expansions and/or
exact boson mappings [27]. Boson mapping techniques allow for
the generalization of the simple forms of interactions, which have
been used so far, like the Dicke Hamiltonian [28] or the Tavis-
Cummings Hamiltonian [29], for instance. Over the last two dec-
ades much attention has been focused on the properties of the timeFig. 1. The time evolution of the quantum correlations for each bipartite system in absenc
DAFðtÞin the case of a triangular well potential (k ¼ 1) for one photon transition (‘ ¼ 1)variants of the Jaynes Cummings model (JCM). The theoretical
efforts have been stimulated by experimental progress in cavity
QED.
In the past years, coherent states for harmonic oscillators and
other quantum systems have attracted much attention [30] and
play an crucial role in different branches of quantum physics.
The power-law potentials (PLPs) have many applications in both
theoretical and experimental physics, which can be used to
describe a large class of quantum mechanical systems [31]. The
coherent states for this general class of potentials could be very
helpful and bring more insights on these subjects. Recently, ane (A) and presence (B) of atomic motion effect: (a) EABðtÞ, (b) DABðtÞ, (c) EAFðtÞ and (d)
with z ¼ 2.
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comparison to NOON states under perfect and loss conditions for
a fixed mean photon number has been investigated [32].
Motivated by the above considerations, this study is to discuss
the distribution and control of the quantum correlations consider-
ing entanglement and QD for a model of two moving atoms locally
interacting with fields associated to PLPs. We will show that the
dynamical behavior of the correlations between the two atoms
and the fields in the absence and presence of atomic motion effect.
We can obtain answers to this very complex problem of many
degrees of freedom considering time-depending coupling between
the atom and the fields. Besides, the recent technological advancesFig. 2. The same as Fig. 1 but in the casin quantum optics allow for experimental tests of the present pre-
diction. In fact, the suggestion for a feasible experiment along these
lines was proposed in [34]. Our results will provide a useful quan-
tum system to control the correlations between the atoms and
between the field and one of the atoms by a proper choice of the
exponent parameter, photon transition number, and the exchang-
ing of energy between the atom and the field, which is rather
significant in different tasks of quantum information and
computational technologies with optimal conditions.
This article is organized as follows. In Section ‘‘Model of
the quantum system”, we present the model and details of the
formalism that describes the evolution of quantum system. Ine of an harmonic potential (k ¼ 2).
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quantum measures, in particular, entanglement of formation
(EOF), QD, and Wherl entropy. In Section ‘‘Result and discussions”,
we present and discuss the results of the quantum correlations in
each part of the whole system for the time-dependent coupling
model in the framework of PLPs. The conclusions are drawn in
Section ‘‘Conclusion”.
Model of the quantum system
In this section, we investigate the dependence of the different
kinds of quantum correlations on the physical parameters with
respect to the model parametrization of the interactions between
atoms and photons, and with respect to the initial condition
imposed to the coupling between the atom and field radiation.
We shall present the algebraic details needed to construct the solu-
tion of a Hamiltonian describing atomic excitations of a two-level
atoms locally interacting with PLPCSs.
The general expression of a one-dimensional power-law poten-
tial is defined as [32]
V^ðx; kÞ ¼ V0 xa
 k ð1Þ
where V0 and a are constants with the dimensions of energy and
length, respectively. Here k is the power-law exponent. These PLPs
can be used to describe a large class of quantum systems by a
proper choice of the exponent k. For k > 2 we find tightly binding
potentials, k ¼ 2 we have harmonic oscillator potentials and k < 2
expresses loosely binding potentials.
The Hamiltonian corresponding to different potentials can be
written in the form
H^ ¼ p^
2
2m
þ V^ðx; pÞ; ð2Þ
where its corresponding eigenvalue equations are given by
H^ kð Þjni ¼ En;kjni; nP 0: ð3Þ
The energies En;k may be obtained with the help of WKB approx-
imation as:
En;k ¼ xðkÞ nþ g4
  2k
kþ2
; ð4Þ
where
xðkÞ ¼ p
2a
ﬃﬃﬃﬃﬃﬃﬃ
2m
p V
1
k
0
C 1k þ 32
 
C 1k þ 1
 
C 32
 
" # 2k
kþ2
ð5Þ
is the effective frequency. Here g defines the Maslov index which
accounts for boundary effects at the classical turning points.
The above equation shows that the energy difference between
adjacent levels, DEn;k ¼ En  En1;k / nþ g=4ð Þ
k2
kþ2, increases for
k > 2 as n increases (tightly binding potentials). In contrast, for
k < 2 it decreases with the increase of n (loosely binding poten-
tials), while for k ¼ 2 it does not depend on n, so the energy spec-
trum is equally spaced.
The coherent states associated to PLPs are defined by [32]
jz; ki ¼ Nz;k
X1
n¼0
znﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Gðn; kÞ
p jni ð6Þ
where
Gðn; kÞ ¼
Yn
i¼1
iþ g
4
  2k
kþ2  g
4
  2k
kþ2
 	
; Gð0; kÞ ¼ 1; ð7Þ
and the normalization functionNz;k ¼
X1
n¼0
jzj2n
Gðn; kÞ
 !12
: ð8Þ
The complex parameter z is restricted following the values of
the exponent k. The average photon number of the PLPCSs is
hn^ik ¼ N2z;k
X1
n¼0
njzj2n
Gðn; kÞ : ð9Þ
Experimentally, it is generally easier to produce PLPCSs, which
describe a large class of quantum system by a proper choice of
the exponent k. For power-law exponent k ¼ 2, we have
Gðn;2Þ ¼ n! exhibiting harmonic oscillator potential state. In the
k!1 limit case, the PLPs become the infinite square-well poten-
tial with energies En;1 ¼ ðnþ 1Þ2 and Gðn;1Þ ¼ n!ðnþ 2Þ!=2. PLPs
for k ¼ 1 express triangular-well potential state with energy spec-
trum En;1 ¼ nþ 3=4ð Þ
2
3 and Gðn;1Þ ¼ nþ 3=4ð Þ23  3=4ð Þ23
 
!  ðn!Þ23.
The model to be considered is a two moving atoms are locally
interacting with a single-mode field initially prepared in coherent
states associated to PLPs via multiphoton process (i.e. ‘th photon).
The interation Hamiltonian in the rotating wave approximation
can be written as [33]
H^I ¼
X2
j¼1
XjðtÞ a^‘r^ðjÞþ þ a^y‘r^ðjÞ
 
; h ¼ 1; ð10Þ
where r^ðjÞ are the Pauli spin operators for the j
th atom, a^ða^yÞ is the
annihilation (creation) operator denoting to the PLPCSs, ‘ is multi-
photon process or the number of photon transitions and XjðtÞ is
the coupling parameter, here we assume that each atom have the
same time dependent coupling with the field
X1ðtÞ ¼ X2ðtÞ ¼ k cosðtÞ. We assume that the two atoms are initially
in the upper state jWAB 0ð Þi ¼ je1; e2i and the field in the coherent
states associated to PLPs jWF 0ð Þi ¼
P1
n¼0Qnjni, leading to the initial
state of the two atoms and the fields
jW 0ð Þi ¼
X1
n¼0
Qnje1; e2;ni: ð11Þ
Using the above initial conditions, the wave function of the
whole system jW tð Þi at t P 0, can be easily evaluated as
jW tð Þi ¼
X1
n¼0
½w1ðn; tÞje1; e2;ni þ w2ðn; tÞje1; g2;nþ ‘i
þ w3ðn; tÞjg1; e2;nþ ‘i þ w4ðn; tÞjg1; g2;nþ 2‘i; ð12Þ
where
w1ðn; tÞ ¼
Qn n!ðnþ 2‘Þ!þ ½ nþ ‘ð Þ!2 cos nntð Þ
n o
n!ðnþ 2‘Þ!þ ½ nþ ‘ð Þ!2
; ð13Þ
w2ðn; tÞ ¼ w3ðn; tÞ ¼
iQn sin nntð Þ
nn
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
nþ ‘ð Þ!
n!
r
; ð14Þ
w4ðn; tÞ ¼
Qn nþ ‘ð Þ!ð Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n! nþ 2‘ð Þ!p cos nntð Þ  1f g
n!ðnþ 2‘Þ!þ ½ nþ ‘ð Þ!2
; ð15Þ
with
nn ¼ k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2n! nþ 2‘ð Þ!þ 2½ nþ ‘ð Þ!2
n! nþ ‘ð Þ!
s
: ð16Þ
The above equations in the presence of the atomic motion effect
the time twill be replaced by sin t. Thus, one can obtain the atomic
density matrix q^AB tð Þ as follows:
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¼
q11 q12 q12 q14
q21 q22 q22 q24
q21 q22 q22 q24
q41 q42 q42 q44
0
BBB@
1
CCCA; ð17Þ
whereFig. 3. The same as Fig. 1 but in the caseqii ¼
X1
n¼0
wiðn; tÞj j2; i ¼ 1;2;4:
q12 ¼
X1
n¼0
w1ðnþ ‘; tÞw2ðn; tÞ; q14 ¼
X1
n¼0
w1ðnþ 2‘; tÞw4ðn; tÞ;
q24 ¼
X1
n¼0
w2ðnþ ‘; tÞw4ðn; tÞ; qil ¼ qli:
ð18Þof an infinite well potential (k!1).
Fig. 4. The time evolution of the quantum correlations for each bipartite system in
absence (A) and presence (B) of atomic motion effect: (a) EABðtÞ, (b) DABðtÞ, (c) EAF ðtÞ
and (d) DAFðtÞin the case of a triangular well potential (k ¼ 1) for two-photon
transition (‘ ¼ 2) with z ¼ 2.
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ton transitions number on the dynamical evolution of the quaan-
tum correlation and Wehrl entropy of the present system will be
discussed in the next section.
Quantum information quantifiers
In this manuscript we use the monogamic relation between the
EOF and QD to analyze our results.
The EOF is a interesting measured of the entanglement devel-
oped about fifteen years ago. For two-level atoms an analytical
solution was developed by Wootters by means of the concurrence.
In this case it can be calculated as
EðqÞ ¼ H
1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 C2ðqÞ
q
2
0
@
1
A ð19Þ
where H is the binary entropy function defined as
HðxÞ ¼ xlog2x ð1 xÞlog2ð1 xÞ; ð20Þ
and the concurrence is given by
CðqÞ ¼ maxf0;
ﬃﬃﬃﬃﬃ
k1
p

ﬃﬃﬃﬃﬃ
k2
p

ﬃﬃﬃﬃﬃ
k3
p

ﬃﬃﬃﬃﬃ
k4
p
g; ð21Þ
where ki are the eigenvalues, listed in decreasing order, of q~q. ~q is
the time-reversed density operator,
~q ¼ ðry  ryÞqðry  ryÞ; ð22Þ
where q is the conjugate of q in the standard basis of two qubits
and ry is the Pauli Y operator.
The QD, on the other hand, is defined as a difference of two def-
inition of the conditional entropy. Originally, it was defined as the
mutual information minus the classical correlation, where the later
is given by the well know Handerson and Vedral definition:
DAB ¼ IðqÞ maxfPjg IðqjfPjgÞ ð23Þ
where IðqÞ is quantum mutual information which captures the
total amount of correlations, both classical and quantum correlation
in a given bipartite quantum state and maxfPjgIðqjfPjgÞ is the
maximal classical mutual information [22,35]. The maximization
is carried out over all possible von Neumann measurement and is
in general very hard to carry out except for some particular cases.
If qA (qB) is the reduced density operators of part A (B), then the
quantum mutual information is defined as
IðqÞ ¼ SðqAÞ þ SðqBÞ  SðqÞ ð24Þ
where SðqÞ ¼ trðqlog2qÞ is the von Neumann entropy. The mea-
surement based mutual information is often called classical correla-
tion given as
CðqÞ ¼max
fPjg
IðqjfPjgÞ
¼ SðqAÞ minfPjgSðqjfPjgÞ
ð25Þ
The quantum analogue of the mutual information defined via
the conditional entropy is defined as the upper bound
CðqÞ ¼ SðqAÞ minfPjg
P
jpjSðqjÞ taken over all the possible mea-
surements. qj ¼ trB qI Pjð Þ is the measurement state in which
system A is left when the result j occurs in a measurement of sys-
tem B with probability pj ¼ trAB qI  Bjð Þ. The minimum is taken
over all positive operator valued measures Bj (von Neumann),P
jPj ¼ 1, performable on subsystem B. Finally, the QD is defined
in terms of the mismatch
DAB ¼ IðqÞ  CðqÞ: ð26ÞThe above definition is in general nonsymmetric with respect to
the interchange of the subsystems. Analogously, one is led to
define the DAB through the entropy of conditional states of system
B. The QD always non-negative quantity by expressing mutual
information in terms of quantum relative entropy and invoking
the monotonicity property of the latter.
In order to derive the amount of quantum correlations between
the atoms and the fields associated to PLCSs, we use the monoga-
mic relation between the EOF and QD. This monogamic relation is
given by [36]
EAF ¼ DAB þ SAjB ð27Þ
and
DAF ¼ EAB þ SAjB: ð28Þ
Thus, as we see, the EOF and the QD between the atoms can be
used to obtain the quantum correlations between the field and one
of the two-level atoms.
There are some measures that can be applied in the classical
phase space. In this regard, Wherl entropy is a very informative
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Wherl entropy was introduced as a classical entropy of a quantum
state and can give additional insights into the dynamics of the sys-
tem, as compared to other entropies. Any quantum state, described
by a density matrix q^, can be represented by the Husimi quasi-
distribution function, Qp mð Þ ¼ hmjq^jmi where jmi is the coherent
state; the Q –function in the b space is defined as follows
Qb tð Þ ¼
1
p
hbjq^FðtÞjbi: ð29Þ
Now, we turn our attention to the Wehrl entropy of a quantum
state q^ which is defined as [38–40]
Sq ¼ 
Z
X
Q mðq^Þ lnQ mðq^Þdm; ð30Þ
which gives the field Wehrl space entropy [41,42]
SWðtÞ ¼ 
Z 2p
0
Z 1
0
QbðtÞ lnQbðtÞ
 jbj djbj 	dH: ð31ÞResult and discussions
In order to explore the effect of the exponent parameter and
atomic motion effect on the dynamical behavior of the different
kinds of correlations between the two atoms and the PLP fields,
we have displayed in Figs. 1, 2 the distribution of the quantum cor-
relations, EOF and QD, for triangular well (k ¼ 1), harmonic oscilla-
tor (k ¼ 2), and infinite square-well (k!1) potentials with and
without time-dependent effect in the case of z ¼ 2. Generally, we
observe that the choice of the different strength of PLPs and kind
of the time-dependent coupling significantly influence the dynam-
ical comportment of the quantum correlations between the bipar-
tite systems (atom–atom and atom–field system). The dynamical
behavior and the amount of correlations in each part, AB and AFFig. 5. The time evolution of the quantum correlations for each bipartite system in the a
j WABð0Þi ¼ 1ﬃﬃ2p ðj e1; e2iþ j g1; g2iÞ: (a) EABðtÞ, (b) DABðtÞ, (c) EAF ðtÞ and (d) DAF ðtÞ in the casor BF, may be manipulated and controlled following the choice of
the exponent parameter k. Figs. 1(A), 2(A), and 3(A) illustrate
important physical features of the correlations during the time
evolution where the different kinds of correlations exhibit ran-
domly comportment during the time-evolution with rapid oscilla-
tions in the absence of atomic motion effect. In the realistic
situation, the dynamics of the quantum correlations is deeply
influenced by the coupling parameter XðtÞ. In this way, we explore
different strength regimes of the time-dependent coupling and find
behaviors that are in qualitative agreement with the practical case.
In Figs. 1(B), 2(B), and 3(B) we have plotted the variation of the
quantum correlations in each part as a function of time for various
values of the exponent k. In general the atomic motion effect leads
to avoid the randomly behavior of the quantum correlations,
where the dynamical behavior of EOF and QD in each bipartite sys-
tem is a periodic function with the time, exhibiting the sudden
death and sudden birth phenomena. Interestingly, it is remarkable,
that there is distribution relation between the correlations EOF and
QD in each part during the time evolution, where the amount of
EOF is grater than QD between the two-level atoms, whereas the
EOF is less than QD between the fields and one of the atoms. More-
over, we find that the correlations, EAF and DAF exhibit the same
behavior during the time-evolution with different amplitudes.
These results indicate that the control and distribution of the quan-
tum correlations in each part of the whole system greatly benefits
from the proper choice of the exponent parameter and through the
kind of the time-dependent coupling.
Another important factor acts on the time variation of the quan-
tum correlations in each bipartite system is the photon transition
during the interaction process. We have plotted Fig. 4 to show
the dynamical variation of the quantum correlations as a function
of dimensionless time with two photons transition (l ¼ 2) for the
case of triangular potential with and without time-dependent
effect. We find that the number of photons transition may decrease
the number of oscillations of the quantum correlations in each partbsence of atomic motion effect when the atoms are initially defined in the Bell state
e of a triangular well potential (k ¼ 1) for one-photon transition (‘ ¼ 1) with z ¼ 2.
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dependent coupling leads to enhance the number of oscillations
for the correlations in each periodicity. In Fig. 5 we have displayed
the evolution of the correlations when the two atoms are initially
defined in the Bell state, j WABð0Þi ¼ 1=
ﬃﬃﬃ
2
p
ðj e1; e2iþ j g1; g2iÞ, for
the case of k ¼ 1. We find that change of the initial state signifi-
cantly affects the dynamics of correlations. This means that the
maximal correlations between atoms and one atom and the field
are very sensitive to the choice of the initial states and that the
decay rate of correlations between the subsystems may be con-
trolled through a proper choice of the initial states. These resultsFig. 6. The time evolution of the Wehrl entropy for various potential well regimes where
z ¼ 2 in the absence and presence of the atomic motion effect. (A) is for one-photon traindicate that the control and distribution of the quantum correla-
tions in each bipartite system greatly benefits from the combina-
tion of photon transition, exponent parameter, initial condition,
and the time-dependent coupling. Our work shows how our pro-
posed quantum system under a model that closely describes a real-
istic experimental scenario that can be implemented in different
tasks of quantum information and computational technologies
with optimal conditions.
Finally, let us know observe the effects of the exponent k, pho-
ton transition, and atomic motion effect on the statistical proper-
ties of the PLP fields, in Fig. 6, we show the dynamics of thethe blue line is for k ¼ 1, the red line is for k ¼ 2, and the black line is for k ¼ 20 with
nsition (‘ ¼ 1) and (B) is for two-photon transition case (‘ ¼ 2).
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two-photon transitions. We obtain that the Wehrl entropy exhibits
damped oscillations during the time evolution in the absence of
atomic motion. For each value of k, the amplitude of the Wehrl
entropy increases with the increase of the time, and it oscillates
around the value SW ¼ 1þ lnp. Interestingly, we find that the
choice of the parameter k significantly affects the variation of the
Wehrl entropy during the time evolution. The Wehrl entropy
increases as the parameter k increases, indicating that the field
becomes more quantum mechanical in this limit. When the
time-dependent effect is considered, the Wehrl entropy exhibits
a periodic function, where it has the same periodicity for various
values of the exponent k. On the other hand, we find that the
increase of photon number l leads to decrease the periodic time
of the Wehrl entropy (see Fig. 6(B)). These results provide an inter-
esting relationship between the of quantum correlations in each
part and non-classicality of the field during the time evolution.
Conclusion
In summary, we have proposed a useful quantum system to
perform different tasks of quantum information and computa-
tional technologies. We have explored the required optimal condi-
tions for this system that are feasible with real experimental
realization. We have investigated the distribution of the quantum
correlations, given by the entanglement of formation and the
quantum discord, between the two-level atoms and the coherent
fields initially defined in a coherent state in the framework of
power-law potentials (PLPCSs) in the presence and absence of
atomic motion effect. We have shown that the distribution and
control of the quantum correlations greatly benefit with respect
to the exponent parameter, photon transition number, and through
the kind of the time-dependent coupling. Furthermore, we have
investigated the effect of the different physical parameters on the
statistical properties of the PLPCSs using the Wherl entropy. Our
results provide a useful quantum system to combat the influence
of physical noises on the quantum correlations by a proper choice
of the physical parameters involved in the system under consider-
ation. Also, the present results suggest for future study considering
initial mixed states since the influence of finite-temperature envi-
ronments on the distribution of the quantum correlations could be
contemplated.
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